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Abstract 
This study is aimed at simulation of numerous curvilinear hydro-fracture trajectories in the framework of the mechanics of brittle 
fracture. The numerical model is based on the method of singular integral equations, SIE. The process of fracture propagation is 
considered as quasi-static, it is presented by iterations of the stationary step-by-step states, for which the SIE is solved at every 
step to calculate the stress intensity factors for the current configuration of the fracture system. The trajectory of the fracture is 
found by applying the criterion of maximum tensile stress at the crack tips and the crack closure is controlled at every step. Two 
types of fracture growth have been analysed: simultaneous and subsequent for different values of spacing and in-situ stress ratio. 
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1. Introduction 
Multi-stage hydraulic fracturing is the most effective method of enhancing well productivity in low-permeability 
reservoirs (Cippola et al. 2009). During this procedure the hydro-fractures can be placed closed to each other, which 
can affect their trajectories due to stress redistribution generated by the fractures. This should be taken into account 
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for proper design of the real geometry of the fracture system by appropriate selection of spacing between the hydro-
fractures to ensure effectiveness of oil/gas production (Roussel, Sharma 2011, Bunger et al. 2011, Hyunil Jo 2012). 
In this study we perform simulations of possible hydro-fracture trajectories for two cases. In the first case the 
fractures are supposed to grow simultaneously whereas in the second case they grow subsequently (stage-by-stage) 
as in the classical multi-stage fracturing. Both the cases are essential for the trajectory prediction in more complex 
situations. The method of singular integral equations (SIE) used in this study is effective for computing the fracture 
characteristics then govern the process of cracks growth. 
2. The Model 
2.1. Main assumptions and problem formulation 
The problem is considered in the framework of the mechanics of brittle fracture. The process of fracture 
propagation is considered to be quasi-static, it is presented by iterations of the stationary step-by-step states, for 
which the elastic problem is solved at every step by calculating the stress intensity factors (SIF) for the current 
configuration of the fracture system. The trajectories of the fractures are found by applying the criterion of 
maximum tensile stress at the fracture tip and the crack closure is controlled at every step. The fractures grow until 
the assigned length is reached or one of the fractures is closed. The latter means that the crack surfaces enter into 
contact over a part of the crack. 
In the case of simultaneous growth of HF the model requires specification of the same fluid pressure on each 
crack and in-situ stresses and also the mutual interaction of all HF is taken into account. 
In the case of multi-stage (subsequent) growth two approaches are considered. The first approach is similar to the 
case of the simultaneous growth and assumes the same fluid pressure on each crack and the same in-situ stresses. In 
the second approach the fluid pressure is only specified on the currently growing crack, while the others (previously 
made cracks) are considered to be “frozen”. The term “frozen” means that the crack opening displacements are 
fixed, hence both the SIF and the stress field caused by this crack are fixed during the HF process. Therefore the 
second approach does not take into account the back influence of the growing cracks onto the previously made HF 
contrarily to the first approach where the interaction of all cracks is taken into account.  
2.2. Complex Singular Integral Equations 
The numerical model is based on the method of singular integral equations (SIE).  According to Savruk (1981) 
the SIE system for N fractures has the following form 
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Here ' ( )n ng t  is the sough function, it is proportional to the derivative of the jump of displacements across the 
crack contour, ( )n np t c  - is the complex load (normal and tangential) acting on the crack surfaces. Regular kernels are 
given below 
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where 0' ,nin n n nT t e z
D D   is the rotation angle of local coordinate system (associated with the nth  initial crack) 
relative to the global coordinate system, 0nz  is the complex coordinate of the local coordinate system origin for the 
nth crack,  nt  is the complex equation of the n
th crack contour in the nth local coordinate system. It is assumed that 
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each initial fracture is rectilinear and lies on the x-axis of the associated local coordinate system and its middle is 
placed at the origin.  
The N conditions of single-valuedness have the following form 
 ' 0 , 1, 2 , .. . , ;
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The right hand sides for given in-situ stresses ,x yV Vf f  and fluid pressure h fp  are as follows 
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where ( )n n sT T  is the angle between the tangent to the crack path of the nth fracture and the positive direction of 
the x-axis of the nth local coordinate system.  
 It is convenient to introduce the following parameterization of the crack contours  
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where nl  is the half-length of the n
th crack. 
3. Numerical scheme 
3.1. The SIE system: Discretization and solution 
Using the Gauss-Chebyshev quadrature formula, the SIE system for N curvilinear cracks (1), (2) can be reduced 
to the following system of linear algebraic equations (SLAE) (Savruk, 1981): 
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SLAE (3) can be rewritten in the matrix form K u + L u = p , the latter is further transformed to the standard form 
A u = b , where   -1A = K - L K L  and   -1b = p - L K p . Therefore, the computational complexity of the algorithm 
is reduced to the calculation of two inverse 2( )N nu  matrices. After that the stress intensity factors at the ends of all 
HF can be found as explained below. 
3.2. Hydraulic fracture growth 
The SIFs are calculated by using the values of uj(1) by the following interpolation (Savruk, 1981): 
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The initial cracks are assumed to be rectilinear and parallel in all the cases examined further on. It is assumed that 
for the simultaneous growth case all initial cracks exist from the beginning of the process, whereas in the sequential 
growth case they appear one-by-one after the previously growing crack stops, which occurs at a certain length. 
The curved trajectory crack is modelled as a polygonal line. During each step the new line segment (increment) is 
added to the both fracture ends if the stress intensity factor KI is positive. The angle of deflection, T' , is found by 
applying the criterion of maximum tensile stress at the fracture tip (e.g., Cherepanov, 1979) 
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The SIF is calculated for the right end only due to symmetry and the angel T'  is counted counterclockwise from 
the direction of the previous line segment. 
In all examples considered further the length of increments is supposed to be constant. The simulations show that 
the optimal value generally varies from 2% to 10% of the difference between the final and the initial crack length 
depending on complexity of the HF system and spacing between the fractures. 
The algorithm has been verified on the basis of numerical solutions for SIFs presented in Savruk (1981). Namely, 
for the systems of the several rectilinear cracks and for one circular crack. The algorithm for the determination of the 
crack path has produced similar results to the case of the curvilinear fracture growth under the remote biaxial load 
in-situ tension reported in Savruk (1981). 
4.  Main results of simulation 
4.1. Simultaneous growth 
Fig. 1 shows the results of simulation for the systems with different number of HF when they grow 
simultaneously. The initial length is equal to one-tenth of the spacing between the fractures; length of increment 
segment is 2% of the difference between the final length and the initial length. Continuous lines represents 
trajectories for equal in-situ stresses (in this case the value of the in-situ stresses does not affect them); dashed lines 
represents trajectories for the in-situ stresses equal to -0.2 and -0.8 of the normalized fluid pressure (equal to one 
unit). At every step of the crack growth the SIFs are different for different cracks. However, it is assumed that they 
all are greater than the fracture toughness, therefore the increments are assumed to be of the same length for all the 
cracks. The algorithm terminates when a certain length of the fractures is reached or one of the fractures is closed. 
 
 
                   
Fig. 1. Simultaneous growth of HF systems under uniform unit pressure of fluid (phf=1) and equal ( y xV Vf f , HF shown in continuous lines) or 
different in-situ stresses ( 0 .8, 0 .4y xV Vf f    , HF shown in dashed lines) for different number of fractures: (a) 2 HF; (b) 4 HF; (c) 10 HF. 
a b c 
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4.2. Multi-stage HF with equal in-situ stresses  
Fig. 2 shows the results of simulation for the 5-stage HF growth. The initial length is equal to one-fifth of spacing 
between the fractures; the length of increment is 2% of the difference between the final and the initial length and it 
is constant during the process. In-situ stresses are assumed to be equal. Each fracture grows until its length is equal 
to the assigned final value (2a), same for all fractures. If one of the fractures closes the whole process stops. The 
figures below show how the crack paths depend on the relative distance d/2a, where d is the spacing between the 
nearest fracture initiations and 2a is the final fracture length.  
 
 
                 
Fig. 2. Subsequent growth of HF system under uniform unit pressure of fluid and equal in-situ stresses (| | | | 1 .0 )x y h fpV Vf f   for different 
relative spacing d/2a:  (a) d/2a=1; (b) d/2a=0.8; (c) d/2a=0.65. 
The results show that the increase of the relative spacing leads to the deviation from the straight crack path.  
4.3. Multi-stage HF with biaxial in-situ stresses 
Fig. 3 illustrates the results of simulation for the system of 5 subsequent hydraulic fractures for different in-situ 
stress ratio λ x yV Vf f . The initial length is equal to one-fifth of the spacing between the fractures; the length of 
increment is 2% of the difference between the final length and the initial length. In-situ stresses are assumed to be 
different. Each fracture grows until its length is equal to the assigned final value of 2a, same for every fracture. The 
whole process of crack growth stops if one of them closes. The relative distance d/2a is constant, where d is the 
spacing between the nearest fracture initiations and 2a is the final fracture length. The results show that the increase 
of the in-situ stress ratio leads to the crack path straightening along the direction of the major compressive stress yV f . 
 
 
               
Fig. 3. Subsequent growth of HF system under uniform unit pressure of fluid and different in-situ stresses ( 1 .0, 0 .8, λ )h f y x yp V V Vf f f     for 
constant relative spacing d/2a=0.65 and different in-situ stress ratio λ:  (a) λ=1.15; (b) λ=1.33; (c) λ=2. 
a b c 
a b c 
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4.4. Comparison of two approaches in modelling of the subsequent HF growth 
As it was mentioned in section 2.1 there are two approaches of modelling of multi-stage HF growth, i.e. with and 
without accounting for their mutual interaction. If the values of fluid pressure in each fracture are the same the 
results of simulations are similar with small deviation of the fracture paths, as demonstrated in Fig. 4a. 
However, if the fluid pressure in each subsequent fracture is more than in the previous one, then the results of the 
two approaches may differ significantly (Fig.4b, 4c). The results of simulation have shown that the influence of 
“frozen” cracks results in bigger deviation from the straight trajectory.  
 
 
               
Fig. 4. Subsequent growth of HF system under increasing uniform pressure of fluid pj=phf ·qj,  phf =1.0 (j – number of fracture (stage), j=1,2,3; q 
varies from figure to figure) and different in-situ stresses ( 0 .8, 0 .4 )y xV Vf f     for constant relative spacing d/2a=0.5. Crack path with 
accounting the mutual influence are shown in continuous lines; without – in dashed lines. The common ratio q is: (a) q=1.0; (b) q=1.2; (c) q=1.5. 
5. Conclusions 
The numerical algorithm based on the mechanics of brittle fracture and the SIE method has been developed in this 
study to provide an accurate and fast tool for simulation of the multi-stage hydraulic fracture growth.  
As the main result of simulations it was shown that in the multi-stage HF growth the decrease of the relative 
spacing leads to more curved fracture trajectories, whereas the increase of in-situ stress ratio results in the trajectory 
straightening. Also it was found that the simulated fracture paths with and without accounting for their mutual 
interaction are close to each other except for the case of different fluid pressures acting in the fractures.  
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